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Abstract We have investigated a simple axially symmetric inflationary universe in the pres-
ence of mass less scalar field with a flat potential. To get an inflationary universe, we have
considered a flat region in which potential V is constant. Some physical properties of the
universe are also discussed.
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1 Introduction

Scalar fields are the simplest classical fields and there exist an extensive literature containing
numerous solutions of the Einstein equations where the scalar field is minimally coupled to
the gravitational field. In particular, self-interacting scalar fields play a central role in the
study of inflationary cosmology. Many authors [1-5] studied different aspects of scalar field
in the evolution of the universe and FRW models.

Inflationary universes play a vital role in solving a number of outstanding problems in
cosmology like the homogeneity, the isotropy and the flatness of the observed universe.
Guth [6], Linde [7] and La and Steinhardt [8] are some of the authors who have investigated
several aspects of the inflationary universes in general relativity. Using the concept of Higgs
field ¢ with potential V (¢) has a flat region and the ¢ field evolves slowly but the universe
expands in an exponential way due to vacuum field energy [9]. It is assumed that the scalar
field will take sufficient time to cross the flat region so that the universe expands sufficiently
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to become homogeneous and isotropic on the scale of the order of the horizon size. Bhat-
tacharjee and Baruah [10], Raj Bali and Jain [11] and Rahaman et al. [12] have, recently,
studied the role of self-interacting scalar fields in inflationary cosmology.

In this paper, we have investigated an axially symmetric inflationary cosmological model
in the presence of massless scalar field with a flat potential in general relativity. To get a
determinate solution, we have considered a flat region in which potential is constant.

2 Metric and Field Equations
We consider the axially symmetric metric in the form [13]
ds* =dr’* — A’(D)ldx* + f>(0dy’] — B*(dz’ (1

with the convention x' = x, x> = v, x*=Zand x* =t and A and B are functions of the
proper time ¢ alone and f is function of the coordinate x alone.
In this case of gravity minimally coupled to a scalar field V (¢) the Lagrangian is [9]

1
L 2/[13 — 5870, — V(¢)]x/—_gd4x (©))

which on variations of L with respect to the dynamical fields leads to Einsein field equations.

1

Rij — S8R =—T;; 3)
with
1 X
Tij=¢.¢;— |:5¢,k¢’]\ + V(¢)]gij, “)
i 4V
¢ = dé (5

where comma and semi colon indicate ordinary and covariant differentiation respectively.
Notations have their usual meaning and units are taken so that 837G =c = 1.
Now the Einstein field equations (3) for the metric (1) are given by

Au | Bu | A4By ¢
— 4+ — — 4+ V(p)=0, 6
A + B + AB + 2 V@) ©

A44 Ai f]] (p‘%
2 e I LT L y(g) =0, 7
A * Az A%f * 2 + V@) ™

2 2
fu A 2A4B“+%—V<¢>)=o @®)

A2f A2 AB
and (5) for the scalar field takes the form

2A4 B4 dV
—_— — — =0
¢44+¢4< + )+d¢

A B ©)

where suffixes 1 and 4 after a field variable represent differentiation with respect to x and ¢
respectively.
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3 Solutions and the Model

The functional dependence of the metric together with (8) imply that [13]

& =k?, k= Constant
f : (10)
Ifk=0, then f(x)=(Constant)y, 0< y <oo

This constant can be made to 1 by choosing units for yr. Thus we shall have
Fx)=x (11)
resulting in the flat model of the universe [14].
Also, since we are interested in inflationary solutions, the flat region is considered where
potential is constant [9], i.e.,

V(¢) = Constant = Vj(say). (12)

Now the field equations (6-9), with the help of (11) and (12), take the form

A B A4B 2
44 44 44+g

== —Vo=0, 13
1 + B + B ) 0 (13)
Ay A} 9]
224 24 24V, =0, 14
1 + P + > + Vo (14)
A} _A4By ¢}
—4 -2 41V =0, 15
e B > + W (15)
pus+ o 22+ 24) 2o (16)
44 4 A B — V.

The field equations (13-16) reduce to

A B A2 A4B
44 44+4 454 _ o

)

A B A AB (17)
A2B¢ =k

where k; is a constant of integration.

Here, we also assume the relation between metric coefficients, i.e., A = uB", because of
the fact that the field equations are highly non-linear. Using this relation the field equations
(17) admit the exact solution.

A= pl(n+ Dkt + k)17
B =1+ kit + ko) |71 (18)

¢= (%)[(u + Dkt + k)]
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where k;, k, and ¢y are constants of integration. After a suitable choice of coordinates and
constants of integration, the inflationary model corresponding to the solution (18) can be
written as

ds? =dT? — 1 2[(n + DT [dx? + x2dy?] — [(n + DT 171 dZ2. (19)

4 Some Physical Properties

The model (19) represents an exact, axially symmetric inflationary cosmological model in
Einstein’s theory of gravitation. The model has no initial singularity, i.e., at 7 = 0. This
model is simple and elegant when compared to the inflationary model obtained by Raj Bali
and Jain [11].

The scalar field and the potential in the model are

¢= (¢—‘;)[<n+ DTG, (20)
7
1 2n+ 17 —2(3n42 +2) 1
V(gp) = E[Mz)} [(mn+1)T] G _ %ﬁ 21)

The physical quantities that are important in cosmology are proper volume V3, expansion
scalar 6, shear scalar o2 and the deceleration parameter ¢ and have the following expressions
for the model given by (19):

V3= =g =pln+ DT, (22)
1 . 2n +1 1
0=-u,i=——|—| 23
3t 3(n+1)2|:Tj| @3)
1 .. 1@ D2 1
02=_0116i/,=_w —, (24)
27 TS )t | T2

iy ; 1 —9n%(n + 1)?
q= —-360 |:9;,‘M + W] = W (25)
The spatial volume increases with time 7 when n + 1 > 0. Also, when 7' — oo, the spatial
volume V — oo. Thus inflation is possible in axially symmetric space-time with a mass
less scalar field in the flat region where the potential V (¢) is constant. Also, the model in-
flates because of the fact that the deceleration parameter g is negative. The scalar expansion
6 — oo, when T — 0 and 6 becomes finite when T — oo. The Shear scalar o tends to
infinity for large values of 7. The Higg’s field ¢ and the potential V (¢) have initial singu-
larities and for large T, they become zero. Since Limy_, o, (0/0) # 0, the model (19) does
not approach isotropy for large 7.
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5 Conclusions

Axially symmetric cosmological models with self-interacting scalar field are important in
the study of early stages of evolution of the universe. Here we have presented an axially
symmetric inflationary universe in the presence of mass less scalar field with a flat potential
in general relativity Our model is simple and elegant when compared to the inflationary
model obtained by Raj Bali and Jain [11]. It is observed that the model is non-singular and
does not approach isotropy for large T'.

References

Burd, A.B., Barrow, J.D.: Nucl. Phys. B 308, 923 (1988)

Wald, R.: Phys. Rev. D 28, 2118 (1983)

Barrow, J.D.: Phys. Lett. B 187, 12 (1987)

Ellis, G.E.R., Madsen, M.S.: Class Quantum Gravity 8, 667 (1991)
Heusler, M.: Phys. Lett. B 253, 33 (1991)

Guth, A.H.: Phys. Rev. D 23, 347 (1981)

Linde, A.D.: Phys. Lett. B 108, 389 (1982)

La, D., Steinharth, P.J.: Phys. Rev. Lett. 62, 376 (1989)

Stein-Schabes, J.A.: Phys. Rev. D 35, 2345 (1987)

10. Bhattacharjee, R., Baruah, K.K.: Ind. J. Pure Appl. Math. 32, 47 (2001)
11. Raj, B., Jain, V.C.: Pramana J. Phys. 59, 1 (2002)

12. Rahaman, F.,, Bag, G., Bhui, B.C., Das, S.: Fizika B 12, 193 (2003)

13. Bhattacharya, S., Karade, T.M.: Astrophys. Space Sci. 202, 69 (1993)
14. Hawking, S.W., Ellis, G.ER.: The Large Scale Structure of Space-Time. Cambridge University Press,
Cambridge (1976)

VXA PR LD =

@ Springer



	Axially Symmetric Inflationary Universe in General Relativity
	Abstract
	Introduction
	Metric and Field Equations
	Solutions and the Model
	Some Physical Properties
	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


